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^1 Summary. Let (^„ : C" x C" -^ C, ipn{{xi, ■■■,Xn),{yi, ...,yn)) = J^i^i - UiY ■ 

^^ \ We say that f : C" ^ C" preserves distance d S C, if for each'x, F G C" 

lO ' '^n{X,Y) = (P implies ipnif{X), /(F)) = d^. We prove: if n > 2 and a continu- 

ous / : C" ^ C" preserves unit distance, then / has a form / o (p, ..., p), where 

r J I n— times 

/ : C" ^- C" is an afhne mapping with orthogonal linear part and p : C ^ C is 
the identity or the complex conjugation. For n> 3 and bijective / the theorem 
(-H , follows from Theorem 2 in [H]. 

The classical Beckman-Quarles theorem states that each unit-distance pre- 
serving mapping from M" to IR" (n > 2) is an isometry, see P-[3- Let (p„ : 

Mj : C" X C" ^ C, ^n{{xi,...,xn),{yi,-,yn)) = Eix^- Vif ■ We say that / : 
r^ , 1=1 

^ ■ C" ^ C" preserves distance d € C, if for each X,Y e C" Lpn{X,Y) ^ (f 

^ implies ipnif{X)J{Y)) = (f. If / : C" -> C" and for each X,Y e C" 

^Q ■ ^n{X, Y) = ipn{f{X), f{Y)), then / is an affine mapping with orthogonal linear 

(^ I part; it follows from a general theorem proved in [3, 58 ff], see also [4, p. 30]. 

^-^ , Let £)(R", C") denote the set of all positive numbers d with the property: 

(^ ■ if X, y e R" and ipniX,Y) = cP, then there exists a finite set Sxy with 

{X, Y} C Sxy ^ R" such that any map / : Sxy -^ C" that preserves unit 
distance satisfies ipn{X,Y) = ifn{f{X),f(Y)). 

Obviously, if d € Z)(R",C") and / : R" ^ C" preserves unit distance, then / 
preserves distance d. 

Let £)(€", C") denote the set of all positive numbers d with the property: 

ii X,Y e C" and ipn{X,Y) — d^, then there exists a finite set Sxy with 
{X, y} C Sxy C C" such that any map / : Sxy -^ C" that preserves unit 
distance satisfies ipn{X,Y) — ipn{f{X),f{Y)). 

Obviously, if d G -D(C",C") and f : C^ ~> C" preserves unit distance, then / 
preserves distance d. 
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If d > 0, X, y e C" and (^„(X, Y)=d^, then there exists an affine / : C" ^ 
C" such that /((O, 0, ..., 0)) ^ X, I{{d, 0, ..., 0)) = F, and a Hnear part of J 

n — 1 times n — 1 times 

is orthogonal. Hence, 

(1) !)(]»", c") c i:i(C",C"). 

The author proved in [2|: 

(2) D(R", C") is a dense subset of (0, oo) for each n > 2. 
From (2) we obtain (jH]): 

(3) if n > 2 and a continuous / : K" -^ C" preserves unit distance, then / 
preserves all positive distances. 

Obviously, 

(4) if n > 1 and / : M" ^ C" preserves all positive distances, then there exists 
an affine / : C" ^ C" such that a Hnear part of / is orthogonal and /|Rn = /. 

By (1) and (2): 

(5) !)(€", C") is a dense subset of (0, oo) for each n > 2. 

As a corollary of (5) we obtain (cf. (3)): 

Lemma 1. If n > 2 and a continuous / : C" ^ C" preserves unit distance, 
then / preserves all positive distances. 

Proof. Let d > 0, X,Y £ C", tpniX,Y) = d^. By (5) there exists a sequence 
{dm}m=i,2,3,... tending to d, where all dm belong to 15(0", C"). Since / and (pn 
are continuous, and / preserves all distances dm {m ~ 1, 2, 3, ...), 

^„(/(X), /(F)) = Jirn^ ^„ (^/ (^^x) , / (^-^Y 

lim ipn -^X, -^Y ] = lim d^ = d^ . 

Let r : C ^ C denote the complex conjugation. 

Theorem 1. If n > 2, / : C" ^ C" preserves unit distance and /|Rn = id(E"), 
then/(X)e {X, (t,...,t)(X)} for each X e C". 

n— times 

Proof. It is true if X e R". Assume now that X = {xi, ...,a;„) G C" \ M". 
Let xi = oi + 6i • i, ..., Xn — an + bn ■ i, where ai,6i, ..., a„,6„ e M. We 
choose j G {1, ...,n} with bj ^ 0. For k G {1, ...,7i} \ {j} and i G R we define 
Sk{t) = (sfc,i(i),.-.,Sfe,„(i)) G R" as follows: 
Sfcj(i) = Oj- +tbk, 

Sk,k{t) = flfc - t&j, 

Sfe,j(t) = Qi, if i G {l,...,?i}\{j. A;}. 



Let to 



T.1^ 



\^: 



^ — . For each k e {1, ..., n} \ {j} and all t e 



ipn{{x,,...,X„),Sk{t))^tHb^^+bl)-j:bl 



By this, for each k G {1, ..., n} \ {j} and all t > to 

ipniixi,...,Xn),Sk{t)) > 0. 

By (5): 

(6) for each A: G {1, ...,n} \ {j} the set 

Akixi, ..., a;„) := {t e M : (^„((a;i, ..., a;„), Sk(t)) E D{C", C")} 
is a dense subset of (io, oo). 

Let f{{xi,...,Xn)) — (j/i, ..., y„). Since / preserves all distances in I?(C",C"), 
for each k e {1, ..., n} \ {j} and all t G Ak{xi, ..., a;„) 

ipn{{xi,...,Xn),Sk{t)) = (fn(f{(xi,...,Xn)),f{Skit))) = LpnUvi, ■■-, Vn) , Sk(t)) . 

Hence, for each k e {1, ...,n} \ {j} and all t G Ak{xi, ...,Xn) 

n 
i=l i£{l,...,n}\{j,k} 

Thus, for each k € {1, ...,n} \ {j} and all t G Ak{xi, ...,Xn) 

n n 

'Y^iVi - aif + ^b'^ = 2t- (bkivj - %) - bj{yk - ak))- 



Hence by (6): 

(7) yk-ak^ -f^ ■ (% - ftj) for each k e {1, ..., n} \ {j} 
and 



(8) E(2/.-a.)' + E&f = o. 

i=l i=l 



Applying (7) to (8) we obtain 



(%-%-f+ E il -fe -«.)' + E^'-o. 



fee{i,...,«}\{j} J 



4 = 1 



It gives ' ^^i ^^ 



1 • E ^' = 0. Since E ^? 7^ 0, we get 



"J / 4—1 2 — 1 

yj = «j +bj ■ i = Xj or yj = Aj -byi^ t{xj) , 



case 2 



In case 1, by (7) for each k € {1, ..., n} \ {j} 

Uk = ak + -f^ ■ iVj - aj) = ak + -f^ ■ {uj +bj ■ i- aj) = at + bk- i = Xk. 
In case 2, by (7) for each k e {1, ..., n} \ {j} 

Vk ^ ak + -f^ ■ ivj - aj) ^ ak + -f^ ■ (a^ ~ bj ■ i ~ a,) ^ ak - bk ■ i = T{xk). 

The proof is completed. 

Let n > 2, / : C" ^ C" preserves unit distance, /jRn = id(M"). We would 
like to prove: / — id(C") or f ~ (r, ..., r); we will prove it later in Theorem 2. 

n— times 

By Theorem 1 the sets 

A = {X eC" : f{X) = X} 
and 

i? = {XeC":/(X) = (r_T)W} 

n — times 

satisfy A\J B = C . 

n 

Let Ipn ■■ C" X C" ^M, tpniixi, ...,Xn), {yii ■■■iVn)) = J2 ^^i^k) ■'^^iyk)- 

fe=l 

Lemma 2. li xi, ...,Xn,yi, ■■■,yn e C, (p„{{xi, ...,Xn), {yi, —^yn)) = 1 and 
ipn{{xi,...,Xn),{yi,---,yn)) 7^ 0, then 

(9) {yi,...,yn) £ A implies (xi,...,a:„) G A 
and 

(10) (yi,...,y„) e B implies (xi,...,a;„) e B. 

Proof. We prove only (9), the proof of (10) follows analogically. Assume, on 
the contrary, that (j/i,...,y„) G A and (xi,...,a;„) ^ A. Since AU B = C", 
(xi, ..^Xn) G B. Let xi = ai+6i-i, ..^x„ = a„J-6„-i, yi ^ai+bi-i, ..., y„ = 
an + bn ■ i, where ai, 61, ..., a„, 6„,ai, &i, ...,a„, &„ G ffi. Since / preserves unit 
distance, 

(11) fn{{xi,...,Xn),{yi,---,yn)) = 

Vn{f{{xi,--,x„)),f{{yi,...,yn))) = Y.iO'k-bk- i-ak-bk- if- 

fe=i 

Obviously, 

(12) ipri{{xi, ■■■,Xn),{yi, ■■■,yn)) = Y. {°-k + ^k ' i -ak - bk ■ t^ . 

k=l 

Subtracting (11) and (12) by sides we obtain 

n n 

4^6fe6fe + 4^5fe(afe - a*;) • i = 0, 
fe=i fe=i 



so in particular ipn{{xi, ...,a;„), (yi, ...,y„)) — J2 ^k^k = 0, a contradiction. 

fe=i 

The next lemma is obvious. 

Lemma 3. For each S,T <E M" there exist m e {1,2,3, ...} and Pi, ...jPrn G 

such that ||5-Pi|| = ||Pi - P2II = ... = ||Pm-l - PmW = \\Bm-T\\ = 1. 

Lemma 4. For each X e C" \ M" 

( i, ..., i) G A implies X G A 

n — times 



and 



( i, ..., i) G B impHes X G B. 



Proof. Let X = (ai + 61 • i, ..., a„ + 6„ • i), where oi, ..., a„, 61, ..., 6„ € R. We 
choose J € {1, ..., n} with bj ^ 0. The points 



5" = 



fli 



1 + (6,-1)2 /l + (^-l) 



n — 1 



aj-i + 



n — 1 



a 



V fee{i,...,n}\b} 

J— th coordinate 



aj+i + 



1 + [b, 1)2 



n — 1 



, . . . , u/71 



1 + (6, - 1)2 



n — 1 



and T = (0, ..., 0, \/n , 0, ..., 0) belong to M". Applying Lemma 3 we 

J— th coordinate 

find m G {1,2,3,...} and Pi,...,P„ G M" satisfying ||5-Pi|| == ||Pi - P2II = 
... = ||P„_i - P™|| = ||P„ - r|| = 1. The points 



Xi=X, 

I 



X2 = 



\ 



ai, ..., flj-i, flj + /l + ^ ^fe + ^i'i aj+i; ...J «« 

V fce{i,...,n}\b} 



V 



J— th coordinate 



/ 



^3 = 5+ 0, ..., 



, . .. , w, 



,0, ..., 



j — th coordinate 



l + (6,-l)2 /I + (&,-! 



ai + \/ ; , •••, flj-i 



n~l ' ' ^ " V n- 1 



^2 



V fcG{l,...,«}\{j} 



J— th coordinate 



l + (6, -1)2 /l + (&, -1)2 

^^-+^ + ^/ n-1 ' •••' "" + V n-1 



X4 = Pi + (0, ..., 0, . i , ,0, ..., 0), 

j—th coordinate 

^5-P2 + (0, ..., 0, . i , ,0, ..., 0), 

J— th coordinate 

^m+3=Pm + (0, ..., 0, . i , ,0, ..., 0), 

j — th coordinate 

X„+4=T+(0, ..., 0, ^ i ^ ,0, ..., 0) = (0, ..., 0, V^+i ,0,...,0), 

j-th coordinate j_th coordinate 

^m+5 = (i,--,*) 
n— times 

belong to C" and satisfy: 

(^„(Xfe_i,Xfc) = Iforeachfc e {2, 3, ..., m+5}, ^„(Xi,X2) = fo^ ^ 0,^„(X2,X3) 
6j 7^ 0, i/;„(Xfe-i,Xfe) = 1 for each k e {4,5, ...,m + 5}. 

By Lemma 2 for each /c G {2, 3, ...,?tt, + 5} 

Xk G A impHes Xk-i G A 
and 

Xfc G -B imphes Xk-i G .B. 

Therefore, ( i, ..., i ) ~ Xm+s G A impHes X — Xi e A, and also, ( i, ..., i ) = 

n— times n — times 

Xm+5 G -B implies X = Xi G -B. 

Theorem 2. If n > 2, / : C" ^ C" preserves unit distance and /[rm = id(M"), 
then/ = id(C") or/= (t, ...,t). 

n — times 

Proof. By Lemma 4 

(i,...,i)G^ implies C" \ E" C A 



and 

(i,...,i)eB implies C"\]R"CB. 

n— times 

Obviously, M" C ^4 and M" C B. Therefore, 

A = C" and / = id(C"), if ( i, ..., i) e A, 

n— times 

and also, 

B = C" and/ = (T,...,T), if (i,...,i)e B. 

n— times n— times 

Theorem 2 has a simpler proof under the additional assumption that / is 
continuous. We need a topological lemma. 

Lemma 5. C" \ M" is connected for each n > 2. 

Proof. Let X — {ai+bi-i, ..., a„+6„-i) e C"\R", where oi, ..., a„, 6i, ..., 6„ G M. 



We choose j G {1, ... 


, n} with 5j 7^ 0. Then 




/ 


Y := 


b, 
0, ..., 0, -^-i 




I ' ' ' 

\ J— th coordinate 



\ 



0, ..., 



eC"\ 



n \ Trnn 



J 



and the segments {i,...,i)Y and YX are disjoint from M". These segments 

n— times 

form a path joining {i,...,i) and X, X is an abitrary point in C" \ M". It 

n— times 

proves that C" \ K" is connected. 

Since id(C" \ R") and (r, ..., r)|cn\R« are continuous, for continuous / in 

n— times 

Theorem 2 

A \ R" = {X e C" \ M" : f{X) = X} 
and 

B\W' ^{X (z C"\R" : f{X) = (r, ...,t)(X)} 

n— times 

are the closed subsets of C" \ R" . Obviously, 

(A \ R") U (B \ R") = C" \ R" 
and 

(^\R")n (S\R") ==0. 
Hence by Lemma 5 

yl\R"=C"\R" or B\R"=C"\R". 
Thus, 



A = C" and / = id(C") 
or 

B = C" and /=(r, ...,r). 

n— times 

Theorem 3. If n > 2 and f : C^ ^ C" preserves all positive distances, then 
/ has a form / o (p, ..., p), where p G {id(C), r} and / : C" -^ C" is an affine 

n— times 

mapping with orthogonal linear part. 

Proof. By (4) there exists an affine / : C" ^ C" such that a linear part 
of / is orthogonal and /|Rn — f\s.n. Then I^^ o / : C" ^ C" preserves all 
positive distances, (/-^ o /)|r„ = id(R"). By Theorem 2 /-^ o / = id(C") or 
I^^ o f = (r, ...,r). In the first case f = lo (id(C), ...,id(C)), in the second case 

»i— times n— times 

/ = /o(t_^). 

n — times 

As a corollary of Lemma 1 and Theorem 3 we get: 

Theorem 4. If n > 2 and a continuous / : C" — > C" preserves unit distance, 
then / has a form / o (p, ...,p), where p G {id(C),r} and / : C" — > C" is an 

n— times 

affine mapping with orthogonal linear part. 

Any bijective / : C" ^ C" (n > 3) that preserves unit distance has a form 
/ o (p, ...,p), where p : C — > C is a field isomorphism and / : C" ^ C" is an 
affine mapping with orthogonal linear part; it follows from Theorem 2 in ^8j. 

The author proved in |12j : 

(13) each unit-distance preserving mapping from C^ to C^ has a form /o (p, p), 
where p : C ^- C is a field homomorphism and / : C^ ^ C^ is an affine mapping 
with orthogonal linear part. 

The first proof of (13) in ^2] is based on the results of pHl and pi]. The 
second proof of (13) in jTJ] is based on the result of 0. Obviously, for n ~ 2 
Theorem 3 follows from (13). 

If a continuous cr : C — » C is a field homomorphism, then (cr, a) : £? —f C^ is 
continuous and preserves unit distance, also (cr,(T)( (0,0)) = (0,0), (cr, ct)((1, 0)) = 
(1,0), (cr,cr)((0,l)) = (0,1). Therefore, by Theorem 4 cr = id(C) or cr = r. We 
have obtained an alternative geometric proof of a well-known result: 

(14) the only continuous field endomorphisms of C are id(C) and r. 

An algebraic proof of (14) may be found in [6, Lemma 1, p. 356]. Conversely, 
for n — 2 Theorem 4 follows from (13) and (14). 



Let d £ C\{0} and C 9 a; — > ^rrjr •T(a;) e C As a consequence of Theorem 4 
we get: 

Theorem 5. If n > 2 and a continuous / : C" -^ C" preserves distance d G 
C\ {0}, then / has a form /o (p, ...,p), where p G {id(C),Td} and / : C" ^ C" 

n— times 

is an afEne mapping with orthogonal linear part. 

Corollary. If n > 2, di, da e C \ {0}, -4 ^ M and a continuous / : C" ^ C" 

"2 

preserves distances di and ^2 , then / is an afEne mapping with orthogonal linear 
part. 

Theorems 1-4 do not hold for n = 1 because the mapping C 3 z — > z + 
Im(z) G C preserves all real distances. In case n = 1, there is an easy result: 

Theorem 6. Let / : C ^ C and for each x,y E C (fi{x,y) G M. implies 
(pi{x,y) = (pi{f{x),f{y)). Then / has a form lop, where p G {id(C),T} and 
/ : C ^- C is an afiine mapping with orthogonal linear part. 
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